A b s t r a c t P r e d i c t i o n of aerodynamic l o a d s on b o d i e s i n a r b i t r a r y motion is c o n s i d e r e d from an a c o u s t i c
p o i n t of view, i.e., i n a frame of r e f e r e n c e f i x e d i n the u n d i s t u r b e d medium.
A n inhomogeneous wave e q u a t i o n which g o v e r n s t h e d i s t u r b a n c e p r e s s u r e i s c o n s t r u c t e d and s o l v e d f o r m a l l y u s i n g q e n e r a l i z e d f u n c t i o n t h e o r y .
When t h e o b s e r v e r i s l o c a t e d on
t h e moving body s u r f a c e t h e r e r e s u l t s a s i n q u l a r l i n e a r i n t e g r a l e q u a t i o n f o r s u r f a c e p r e s s u r e . Two d i f f e r e n t methods f o r o b t a i n i n g such e q u a t i o n s a r e d i s c u s s e d .
Both s t e a d y and u n s t e a d y aerodynamic c a l c u l a t i o n s a r e c o n s i d e r e d .
Two examples a r e p r e s e n t e d , t h e more i m p o r t a n t b e i n g a n a p p l i c a t i o n t o p r o p e l l e r aercdynamics.
Of p a r t i c u l a r i n t e r e s t f o r n u m e r i c a l a p p l i c a t i o n s i s t h e a n a l y t i c a l b e h a v i o r of t h e k e r n e l f u n c t i o n s i n the v a r i o u s i n t e g r a l e q u a t i o n s .
I n t r o d u c t i o n
Aerodynamics i s a f a s c i n a t i n q h u t somewhat s t r a n g e f i e l d . I t i s f a s c i n a t i n g b e c a u s e i t cont i n u e s to o f f e r many i n t e r e s t i n g p r a c t i c a l problems which must b e s o l v e d or a r e i n need o f b e t t e r s o l ut i o n s .
I t is s t r a n g e compared t o o t h e r f i e l d s of s c i e n c e b e c a u s e most a v a i l a b l e a n a l y t i c a l methods of a t t a c k i n q aerodynamic problems a r e i n d i r e c t i n t h e f o l l o w i n g s e n s e .
I n aerodynamics one r a r e l y s t a r t s with a d i f f e r e n t i a l e q u a t i o n and boundary
c o n d i t i o n s and t h e n p r o c e e d s t o s o l v e a problem.
Of c o u r s e t h i s s t a t e of a f f a i r s o c c u r s because no g e n e r a l a n a l y t i c a l method o f s o l u t i o n of t h e E u l e r or Navier-Stokes e q u a t i o n s is known.
Even when l i n e a r i z e d t h e o r i e s a r e u s e d , q u i t e o f t e n t h e d i r e c t method of s o l u t i o n is avoided. I n s t e a d , one s t a r t s w i t h d o u b l e t or v o r t e x d i s t r i b u t i o n s o v e r a s u r f a c e and d e r i v e s an i n t e g r a l e q u a t i o n i n t e r m s of t h e unknown s o u r c e s t r e n g t h . These methods, a l t h o u q h c o r r e c t , a r e somewhat u n s a t i s f a c t o r y bec a u s e t h e y r e q u i r e a g r e a t d e a l o f p h y s i c a l i n s i q h t and knowledqe of p h y s i c s .
A s a r e s u l t , e n g i n e e r s and s t u d e n t s o f t e n f i n d aerodynamics a much more d i f f i c u l t s u b j e c t t h a n need he.
I t is one of the p u r p o s e s of t h i s p a p e r t o p r o p o s e a method t o rem-
edy t h i s c i r c u m s t a n c e through the u s e of a c o u s t i c e q u a t i o n s . W e l i m i t o u r s e l v e s t o l i n e a r aerodynamics only.
Our main o b j e c t i v e i s t o o b t a i n res u l t s f o r p r e d i c t i o n of aerodynamic l o a d s on rotst i n g b l a d e s .
A comprehensive review a r t i c l e on t h i s s u b j e c t h a s been w r i t t e n r e c e n t l y by Johnson [ I ] . I t has long been known t h a t l i n e a r aerodynamics and a c o u s t i c s a r e c l o s e l y r e l a t e d [21. T h i s f a c t h a s been e x p l o i t e d b e f o r e by many r e s e a r c h e r s s u c h a s G a r r i c k [,I and Kondo [ 4 1 . More r e c e n t l y ,
Hanson h a s s p e c i a l i z e d h i s a c o u s t i c f o r m u l a t i o n s f o r r o t a t i n g b l a d e s t o a p p l y t o aerodynamic p r e d i ct i o n [SI.
H i s v e l o c i t y p o t e n t i a l approach i s c l o s e l y r e l a t e d t o t h a t of Kondo I 4 1 and i n v o l v e s i n f i n i t e series of s p e c i a l f u n c t i o n s which can c a u s e c o m p u t a t i o n a l problems.
I t i s a l s o restrict e d t o p r o p e l l e r -l i k e motion and t h u s c a n n o t be a d a p t e d e a s i l y t o p r o p e l l e r s w i t h non-uniform i nflow or to h e l i c o p t e r rotors.
Das h a s made s i g n i f i c a n t c o n t r i b u t i o n s t o t h e a p p l i c a t i o n of c o n c e p t s from a c o u s t i c s t o l i n e a r aerodynamics [61.
H i s work i s c l o s e l y r e l a t e d t o the f i r s t of t w o methods p r e s e n t e d h e r e . The approach p r e s e n t e d h e r e a l s o b y p a s s e s much of t h e l e n g t h y a l g e b r a i c m a n i p u l a t i o n common i n s i n g u l a r i t y d i s t r i b u t i o n methods.
The approach we propose h e r e is based on the s o l u t i o n of t h e wave e q u a t i o n i n t h e time domain and i n a frame f i x e d t o t h e u n d i s t u r b e d medium. C o n s e q u e n t l y , c o m p r e s s i b i l i t y e f f e c t s a r e automati c a l l y i n c l u d e d i n the a n a l y s i s .
T h i s unconvent i o n a l approach c a n c a u s e some d i f f i c u l t y f o r t h o s e who a r e accustomed t o working i n a co-moving frame, i.e., a frame f i x e d t o t h e moving body.
However, t h i s d i f f i c u l t y is compensated f o r by r e s u l t s of great g e n e r a l i t y and u s e f u l n e s s . S t a r t i n g w i t h a n a c o u s t i c e q u a t i o n for a body i n a r b i t r a r y motion, we c a n d e r i v e a n aerodynamic i n t e g r a l e q u a t i o n by moving t h e o b s e r v e r o n t o t h e s u r f a c e of t h e body. Both s t e a d y and u n s t e a d y motion a r e c o n s i d e r e 3 . Two d i f e e r e n t methods f o r d e r i v i n g an i n t e g r a l e q u a t i o n a r e d i s c u s s e d . S u r p r i s i n g l y , t h e s i m p l e r one a p p l i e s o n l y t o u n s t e a d y p e r i o d i c and s t e a d y camber problems b u t n o t t o t h e s t e a d y a n g l e of a t t a c k problem. E s s e n t i a l l y , t h e u n s t e a d y aerodynamic problem is a n a c o u s t i c problem i n a s e n s e t h a t w i l l be e x p l a i n e d l a t e r .
The o r i g i n of t h i s paper i s a s e t of l e c t u r e n o t e s w r i t t e n -f o r a s h o r t course on a c o u s t i c s and aerodynamics of p r o p e l l e r s a t t h e von Karman I n s t it u t e [71.
Long h a s demonstrated t h e u s e f u l n e s s of t h e a c o u s t i c a p p r o a c h by d e r i v i n g a n i n t e g r a l equat i o n and working o u t s e v e r a l n u m e r i c a l examples 'Senior Q e s e a r c h S c i e n t i s t .
Associate F e l l o w A I M . * * P r o f e s s o r .
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[81.
More r e c e n t l y M i l l i k e n h a s f o l l o w e d a r e l a t e d a p p r o a c h by d e r i v i n g t h e aerodynamic k e r n e l f u n ct i o n f o r a r e c t a n q u l a r p a n e l i n s t e a d y r e c t i l i n e a r motion u s i n g t h e a c o u s t i c method [91.
This r e s u l t w i l l be p r e s e n t e d here: a s p r e p a r a t i o n f o r a more c o m p l i c a t e d k e r n e l f u n c t i o n f o r propellers.
Following a d i s c u s s i o n of the q o v e r n i n g equat i o n of a c o u s t i c s and i t s t e l e v e n c e t o aerodynamics, a p p l i c a t i o n t o aerodynamic problems will be c o n s i d e r e d . Two examples w i l l b e g i v e n , t h e second b e i n q a n a p p l i c a t i o n t o p r o p e l l e r aerodynamics. For t h e case of t h e p r o p e l l e r , a n a n a l y t i c a l t r e a tment of t h e s i n g u l a r i t i e s a p p e a r i n g i n the i n t e g r a l e q u a t i o n i s g i v e n .
A s a r e s u l t , o n l y n o n -s i n g u l a r i n t e g r a l s a r e r e q u i r e d f o r n u m e r i c a l work.
The Governing E q u a t i o n L e t + (g,t) and p ($,t) h e t h e v e l o c i t y p o t e nt i a l and t h e p r e s s u r e , r e s p e c t i v e l y .
Here t h e Gframe is f i x e d t o the u n d i s t u r b e d f l u i d medium i n which t h e speed of sound is C.
The v e l o c i t y potent i a l i n t h e l i n e a r i z e d form s a t i s f i e s t h e wave e q u a t i o n I n t h e f o l l o w i n g w e w i l l omit c o n s i d e ra t i o n of the t h i c k n e s s e f f e c t .
Within l i n e a r i z e d t h e o r y , boundary c o n d i t i o n s on t h e body are ref e r r e d t o a n i n f i n i t e s i m a l l y t h i n mean chord s u rf a c e whose v e l o c i t y is everywhere t a n q e n t t o its e l f .
Assume t h a t f ( x ' , t ) = O d e s c r i b e s t h i s s u r f a c e i n motion s u c h that Vf p o i n t s toward t h e s u c t i o n s i d e of t h e l i f t i n g body. L e t k ( g , t ) = O d e s c r i b e t h e wake of t h e body, a l s o assumed i n f i n i t e s i m a l l y t h i n .
Across the s u r f a c e f=O, t h e jump i n s u r f a c e p r e s s u r e , &=p lower -p upper, i s r e l a t e d t o t h e v e l o c i t y p o t e n t i a l b y I % .
( 2 ) as f o l l o w s
AP-P~A+~=O
where +,=a+/at.
Across th-wake, s i n c e Ap4, one q e t s A+,=O
F o l l o w i n g r e a s o n i n g used i n classical aerodynamics, + h a s a jump a c r o s s f = O and k=O. W e wish t o o b t a i n a wave e q u a t i o n i n which t h i s d i s c o n t i n ui t y is i n c l u d e d e x p l i c i t l y i n a n inhomogeneous s o u r c e t e r m . To d o t h i s w e r e p l a c e the d e r i v a t i v e s i n Q. ( 1 ) by q e n e r a l i z e d d e r i v a t i v e s l 7 , 10-121.
The r e s u l t is
where t h e bar o v e r t h e o p e r a t i o n s d e n o t e s g e n e r a li z e d d i f f e r e n t i a t i o n and 6 ( * ) is the Dirac d e l t a f u n c t i o n .
Here a q a i n A+=hPper -+lomr. Taking It i s t h e governing e q u a t i o n f o r a l l a c c e l e r a t i o n p o t e n t i a l ( d o u b l e t l a t t i c e ) meth-
ods.
Tu r e l a t e t h e above results t o t h o s e of c l a ss i c a l aerodynamics, c o n s u l t r e f e r e n c e 7.
The mathe m a t i c s of t h i s s e c t i o n i s d i s c u s s e d i n r e f e r e n c e s 10 t o 12.
The A c o u s t i c Approach To Aerodynamics W e c o n s i d e r t w o d i f f e r e n t methods i n t h i s s e c t i o n .
The Eirst l e a d s t o a r a t h e r c o n v e n t i o n a l i n t e g r a l e q u a t i o n . W e b e g i n w i t h t h e f o r m a l s o l ut i o n of E q . ( 6 ) , which is, For aerodynamic a p p l i c a t i o n we u s e one s p e c i a l form of t h e v a r i o u s e q u i v a l e n t i n t e r p r e t a t i o n s of Eq. ( 7 ) 1141. Taking the d i v e rg e n c e term i n Fq. ( 7 ) i n s i d e t h e i n t e g r a l and u s i n g t h e r e l a t i o n where ri=ri/r , w e g e t 4np
The i s g i v e n n t e r p r e t a t i o n of the i n t e g r a l s i n 4. ( 9 ) e l s e w h e r e [141.
L e t E b e t h e s u r f a c e g e n e r a t e d by the i n t e r s e c t i o n of f=O a n d t h e coll a p s i n g s p h e r e q=r-t+r/c=O. S i n c e f=O is assumed t o move t a n q e n t t o itself,M =O on the E-s u r f a c e ( t h e r e f o r e A i n r e f e r e n c e 14 1 s e q u a l t o 1 ) and w e can write Eq. (9) as f o l l o w s :
where F ( y ; x , t ) = [ f ( ; , r ) l =f(;,t-r/c) and r * i s the r e t e m i s s i o n t i m e .
One more step is needed t o g e t t h e r e q u i r e d r e s u l t .
Using EQ. ( 2 ) on the l e f t s i d e of Upon c a l c u l a t i n g t h e k e r n e l f u n c t i o n .
Fq. ( 1 0 ) and t h e n i n t e g r a t i n g b o t h s i d e s w i t h respect t o t h e o b s e r v e r

T h i s can be a c h i e v e d most e f f inormal d e r i v a t i v e a/an of b o t h s i d e s of Wr. ( 1 1 ) t
c i e n t l y u s i n g some e l e m e n t a r y g e n e r a l i z e d f u n c t i o n w e g e t t h e aerodynamic i n t e q r a l e q u a t i o n t h e o r y .
where v is the local normal v e l o c i t y of the s u rf a c e . %e r i g h t s i d e of, Bq.
( 1 2 ) must be i n t e rp r e t e d a s a l i m i t f o r x a p p r o a c h i n g t h e s u r f a c e f=O. Equation ( 1 2 ) i s a l i n e a r s i n g u l a r i n t e g r a l e q u a t i o n .
I t is t h e b a s i s of t h e a c c e l e r a t i o n p o t e n t i a l or d o u b l e t l a t t i c e method.
W e n o t e , L e t u s d e f i n e t h e f o l l o w i n g i n t e g r a l i n which q ( y ; x , t ) i s a n a r b i t r a r y f u n c t i o n and Fi h a s t h e same meaning a s d e f i n e d above:
( 1 4 ) Note t h e s u r f a c e i n t e g r a t i o n i s w i t h r e s p e c t t o t h e v a r i a b l e and t h e normal d e r i v a t i v e i s w i t h r es p e c t t o x . On t h e surface* f 4 , l e t t h e i t h p a n e l be s p e c i f i e d by fi=O, E ( y , i ) > O where fi=O, E =O s p e c i f i e s t h e edge of t h e p a n e l . Then u s i n g L ( y ; x . , t ) = L ( y , t -; ) , r =~x . -y~ , Eq.
( 1 4 ) c a n be
however, t h a t t h e r e i s n o r e s t r i c t i o n made i n Eq. w r i t t e n as ( 1 2 ) t o uniform r e c t i l i n e a r motion of the s u r f a c e f=O.
The aerodynamic k e r n e l i s d e r i v e d from t h i s I= k J H ( L ) q d C ( 1 5 ) r e s u l t and w i l l be d i s c u s s e d l a t e r .
We mention h e r e t h a t t h e second i n t e g r a l o n t h e r i g h t of Ea.
where H ( L ) i s t h e H e a v i s i d e f u n c t i o n . ?he limits ( 1 2 ) is an improper i n t e g r a l .
Thus the normal of t h e i n t e g r a l s i n Eq.
( 1 5 ) can be c o n s i d e r e d d e r i v a t i v e c a n n o t b e t a k e n i n s i d e w i t h o u t c a r e f u l c o n s t a n t s now and t h e normal d e r i v a t i v e can be a n a l y s i s s i n c e it l e a d s t o a s i n q u l a r i n t e g r a l . t a k e n i n s i d e a s f o l l o w s :
A second method o f u s i n g a c o u s t i c e q u a t i o n s i n aerodynamics is t o t r e a t Eh. (10) i t s e l f a s an i n t e g r a l e q u a t i o n on t h e unknown s u r f a c e p r e s s u r e W e also have, from t h e d e f i n i t i o n of L, as s u q g e s t e d by Lonq (151 and F a r a s s a t (161.
For r e a s o n s which w i l l be e x p l a i n e d i n t h e n e x t s e c --= t i o n , t h i s method f a i l s f o r the s t e a d y a n q l e of a t t a c k problem.
One i s t h u s o b l i g e d t o u s e t h e
i n which 9' is t h e a n g l e between n' ( a t t h e j -t h
( 1 7 ) aL -1 case*-ar an c a T f i r s t method.
However, i n t h e c a s e of p e r i o d i c motion the second method appears to lead to a p a n e l ) and t h e u n i t r a d i a t i o n v e c t o r (from t h e i-
u s e f u l i n t e a r a l e q u a t i o n whose s o l u t i o n i s th to the + c o n s i d e r a b l y s i m p l e r t h a n t h a t of Eq. ( 1 2 ) .
F u r t h e r A n a l y s i s and A p p l i c a b i l i t y t o S t e a d y and Unsteady Motion
Equation ( 1 2 ) can be used f o r n u m e r i c a l c a l c ul a t i o n s by d i v i d i n q t h e wing o r b l a d e s u r f a c e i n t o p a n e l s and a p p r o x i m a t i n g t h e i n t e q r a l s a s s u n i n q t h a t A p i s uniform on e a c h p a n e l : i a 1
Here Fi=Fi ( y ; x t)=O i s t h e s u r f a c e g e n e r a t e d by t h e i n t e r s e c t i o A ' o f the i -t h p a n e l w i t h t h e coll a p s i n q s p h e r e g= i -t+r/c=O. The f u n c t i o n K i . i s t h e aerodynamic k e r n e l f u n c t i o n . P h y s i c a l l y , i% is t h e normal v e l o c i t y induced a t the j -t h p a n e l by t h e i -t h p a n e l .
The f i r s t i n t e g r a l i n Es. (16) is a l i n e i n t eg r a l o v e r t h e edge of t h e L-s u r f a c e g e n e r a t e d by t h e i -t h p a n e l .
I t can be w r i t t e n i n a compact form by f i r s t w r i t i n g m. ( 1 7 ) as f o l l o w s :
where M =6* z i s the l o c a l Mach number i n the d i r e ct i o n of t h e inward q e o d e s i c normal t o t h e edge of t h e p a n e l f.=L=O.
The q e o d e s i c normal i s d e f i n e d as t h e u n i t v e c t o r which is p e r p e n d i c u l a r t o t h e edge and t a n g e n t t o t h e p a n e l f.=L=O . Then, l e t (u' , u 2 ) b e a n a r b i t r a r y c u r v i l i n e a r c o o r d i n a t e system on Z and q ( 2 ) be t h e d e t e r m i n a n t of t h e c o e f f i c i e n t s of t h e f i r s t fundamental form.
W e have dC= G ) d u ' d u 2 . Using t h e c o o r d i n a t e t r a n sf o r m a t i o n ul+L , w e have + (19-c) 2 2 2 2 Under some c o n d i t i o n s , t h e i n t e q r a l s i n t h e k e r n e l f u n c t i o n c a n b e e v a l u a t e d a n a l y t i c a l l y . W e A =' ' cos V(l-' sin*) p r e s e n t an example i n t h e n e x t s e c t i o n .
Q u i t e o f t e n , however, o n e h a s t o resort t o n u m e r i c a l inteqration but treat t h e sinwlarities in the Here 6 i s the p r o j e c t i o n of the l o c a l Mach number i n t e q r a l s a n a l y t i c a l l y .
I n p r e p a r a t i o n €or t h i s On 'h," plane to the edge s t e p , we c a r r y the a n a l y s i s of t h e p r e v i o u s s e c t i o n and Cp is t h e u n i t v e c t o r a l o n g t h e prof u r t h e r . F i r s t w e n o t e t h a t Fi i s a f u n c t i o n of n so t h a t e s s e n t i a l l y L e i b n i z rule for d i f f e r e n t i o n j e c t i o n of r^ on t h e Plane.
Also J, i s t h e a n g l e o f a n i n t e q r a l must b e u s e d o n t h e i n t e q r a l s i n t h e between t h e r a d i a t i o n v e c t o r and t h e edge Curve
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O P P P Mp= + + of t h e 1-s u r f a c e .
F i g u r e 1 i l l u s t r a t e s t h e s e g e o m e t r i c q u a n t i t i e s .
I n IQ.
( 1 9 -a ) , d y is t h e e l e m e n t o f l e n g t h of t h e edge c u r v e o f the 2-s u rf a c e .
S u b s t i t u t i n g Fq.; (18) i n t o t h e f i r s t term o f
as.
( 1 6 ) , u s i n g Fa. (19) and f i n a l l y i n t e g r a t i n g ( 1 4 ) i f we assume t h a t t h e i n t e g r a l i n Eq. ( 1 4 ) i s a n improper i n t e g r a l .
Mathematic a l l y , a/an could n o t be t a k e n under t h e i n t e g r a l i n t h e c l a s s i c a l s e n s e . However, we can i n t e r p r e t a/an a s a g e n e r a l i z e d d e r i v a t i v e .
Taking t h e f i n i t e p a r t of a d i v e r g e n t i n t e q r a l i n many problems of aerodynamics i s e q u i v a l e n t t o assuminq a/an i s a g e n e r a l i z e d d e r i v a t i v e .
W e can a v o i d t h i s r o u t e and t h e a s s o c i a t e d a l g e b r a and
c o m p u t a t i o n a l d i f f i c u l t i e s by t a k i n g a/an o u t of t h e i n t e g r a l a s f o l l o w s : I n p r a c t i c e , t h e second i n t e g r a l i s e v a l u a t e d a n a l y t i c a l l y i n t h e r e g i o n n e a r where s i n g u l a r i t i e s e x i s t and t h e normal d e r i v a t i v e is t h e n t a k e n a n a l y t i c a l l y .
I n t h e o t h e r r e g i o n s , we s i m p l y e v a l u a t e I3q/an dL n u m e r i c a l l y .
Going back to t h e k e r n e l f u n c t i o n K . . d e f i n e d 13 i n Eq. (131, w e n o t e t h a t b o t h i n t e g r a l s i n K .
of t h e t y p e i n m. ( 1 4 ) . However, the f i r s t i n t eg r a l is p r o p e r (or c o n v e r g e n t ) w h i l e t h e second i s improper.
Keeping t h e comments of t h e above parag r a p h s i n mind, we u s e t h e a n a l y s i s o f F!. ( 1 4 ) t o write t h e k e r n e l f u n c t i o n a s ;
Note t h a t t h e i n d e x j i s + i F p l i c i t on t h e r i g h t s i d e o f Eq. ( 2 3 ) by t a k i n g x = x . i n e v e r y term of t h e i n t e g r a n d s .
An example o f t h e u s e of t h e above e q u a t i o n t o f i n d t h e k e r n e l f u n c t i o n f o r p r o p e l l e rl i k e motion i s g i v e n i n t h e n e x t s e c t i o n .
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W e mention h e r e t h a t t h e t i m e i n t e g r a t i o n s i n Es. ( 2 3 ) must, i n g e n e r a l , be c a r r i e d o u t n u m e r i c a l l y , which would r e q u i r e e x c e s s i v e computation t i m e . I t would be h i g h l y d e s i r a b l e i f somehow t h i s could be avoided. W e s t u d y the p o s s i b i l i t y of removing t h e time i n t e g r at i o n n e x t .
As mentioned i n t h e p r e v i o u s section, one may t r e a t Eq. ( 1 0 ) as a n i n t e g r a l e q u a t i o n on p. S i n c e we a r e i n t e r e s t e d o n l y i n t h e l i f t i n q problem, w e can assume pupper = -plowerr i.e.. 4=2plower.
Now, it would a p p e a r t h a t u s e of !Zq.
( 1 0 ) would be a n a t t r a c t i v e method because it seems t o s a y t h a t , e x c e p t f o r i n f o r m a t i o n a t t h e e m i s s i o n time T*, t h e p a s t h i s t o r y o f t h e motion of t h e body is i r r e l ev a n t t o t h e d e t e r m i n a t i o n of t h e s u r f a c e p r e s s u r e .
However, A p ( i * ) i n t u r n depends on Ap a t earlier times, and i n f a c t t h e e n t i r e h i s t o r y i s r e q u i r e d Below we w i l l show t h a t t h e second method a l s o b r e a k s down for t h e c a s e of s t e a d y s u r f a c e p r e s s u r e due t o a n g l e of a t t a c k b u t n o t f o r t h e camber and t h e u n s t e a d y ( p e r i o d i c ) cases.
Long [81 and F a r a s s a t [151 have t a k e n two d i f f e r e n t b u t e q u i v a l e n t e x p r e s s i o n s of Eq. ( 1 0 ) i n which a / a t is taken i n s i d e t h e f i r s t i n t e g r a l anal y t i c a l l y , and t h e n have t r e a t e d t h e r e s u l t a s an i n t e g r a l e q u a t i o n on p.
These i n t e g r a l e q u a t i o n s a r e q u i t e complicated.
Here we d e r i v e by a d i r e c t method from Eq. ( 1 0 ) t h e t h i n body a p p r o x i m a t i o n o f t h e r e s u l t s of Long and F a r a s s a t . F i r s t , however, we a p p l y Eq. ( 2 2 ) t o t h e two i n t e g r a l s of Eq. ( 1 0 ) which results i n where 6 is t h e r a t e of change of vn f o r a n o b s e r ve r f i x e d on t h e body, V is t h e local forward speed ( o f r e l a t i v e wind) and a/ao i s t h e d i r e c t i o n a l d e r i v a t i v e i n t h e d i r e c t i o n of forward speed. E q u a t i o n ( 2 0 ) t h e n q i v e s 
C o n s i d e r i n q t h e s t e a d y s t a t e c a s e f i r s t (6 =O)
, w e note t h a t av / a s 0 f o r t h e a n g l e of a t t a c k problem so t h a t t h e l e f t s i d e of Eq. ( 2 6 ) i s z e r o .
we a r e l e d t o the c o n c l u s i o n t h a t t h e 4 d i s t r i b u t i o n f o r t h i s case i s a n e i g e n f u n c t i o n of t h e i n t e g r a l o p e r a t o r on t h e r i g h t s i d e of Fq. ( 2 6 ) c o r r e s p o n d i n q t o t h e e i q e n v a l u e z e r o . T h i s f a c t is of l i t t l e h e l p i n f i n d i n g t h e p r e s s u r e d i s t r i b ut i o n . However, t h e i n t e g r a l e q u a t i o n f o r t h e camb e r problem is well d e f i n e d and a p p e a r s u s e f u l s i n c e
Vavn/aa f 0. T h i s f a c t must be e x p l o r e d f u r t h e r .
For the case of t h e u n s t e a d y p e r i o d i c l o a d i n q
problem, w e c a n assume b o t h 6 and Ap a r e p r o p o rt i o n a l t o e x p ( i w t ) , where UJ is t h e f r e q u e n c y of o s c i l l a t i o n , and once a g a i n w e have a n i n t e g r a l e q u a t i o n which is n o n d e g e n e r a t e s i n c e 6 fO . T
h i s i n t e g r a l e q u a t i o n is i n terms of t h e unknown comp l e x a m p l i t u d e of 4 . To t h e a u t h o r s ' knowledge, t h i s e q u a t i o n has n o t been used b e f o r e .
The c h i e f a d v a n t a g e of u s i n g Eq. ( 2 6 ) i n s t e a d of Eq. ( 1 2 ) i s t h a t no time i n t e g r a l a p p e a r s i n t h e former.
A s a r e s u l t , EQ. ( 2 6 ) r e q u i r e s much less computer t i m e t h a n Eq. ( 1 2 ) i n t h e case of t h e camber and u n s t e a d y p e r i o d i c l o a d i n g problems.
W e can d e f i n e a new aerodynamic k e r n e l f u n c t i o n based on Eq. ( 2 6 ) .
This i s done by u s i n g a u n i t amplit u d e o s c i l l a t i o n of 4 and f i n d i n g t h e induced
6 a t a g i v e n p o i n t .
The c a l c u l a t i o n of t h e i n t en r a l s i n nJ. ( 2 6 ) is v e r y s i m i l a r t o c o n v e n t i o n a l a c o u s t i c c a l c u l a t i o n s f o r r o t a t i n g b l a d e s
[ 141 which a r e a t p r e s e n t i n t h e advanced stage of de-
These
a c o u s t i c c o d e s c a n b e e a s i l y m o d i f i e d t o o b t a i n t h e aerodynamic k e r n e l . I t a p p e a r s , t h e r e f o r e , t h a t , from a c o m p u t a t i o n a l viewpoint, t h e s t e a d y a n q l e of a t t a c k problem for a t h i n wing i s more d i f f i c u l t t h a n t h e camber or t h e u n s t e a d y l o a d i n g problem. For t h e a n g l e of a t t a c k problem, one i s o b l i g e d t o u s e Fq. ( 1 2 ) ; no a l t e rn a t i v e e x i s t s .
Examples of A p p l i c a t i o n W e p r e s e n t two examples h e r e f o r t h e s t e a d y s t a t e case.
The f i r s t is t h e d e t e r m i n a t i o n of t h e aerodynamic k e r n e l f u n c t i o n of a l i f t i n g s u r f a c e i n uniform r e c t i l i n e a r motion. T h i s f u n c t i o n can be found a n a l y t i c a l l y f o r a r e c t a n g u l a r p a n e l .
The second example i s f o r a p r o p e l l e r i n uniform a x i a l motion.
For this c a s e w e t r e a t o n l y t h e more d i ff i c u l t q u e s t i o n of s i n g u l a r i t i e s of t h e k e r n e l f u n c t i o n .
A Wing i n Uniform R e c t i l i n e a r Motion
C o n s i d e r a t h i n wing which i s d i v i d e d i n t o
r e c t a n g u l a r p a n e l s and i s moving p a r a l l e l t o t h e x l -a x i s i n uniform r e c t i l i n e a r motion i n t h e x1x2-p l a n e .
Assume t h a t t h e d i m e n s i o n s of t h e p a n e l a r e 2a and 2b i n t h e chordwise and spanwise d i r e c t i o n s , r e s p e c t i v e l y .
Assume a l s o t h a t i n t h e C a r t e s i a n Erame f i x e d t o the medium, t h e c e n t e r of t h e p a n e l i s a t ( y l c , yzC,O). W e want t o f i n d t h e v e l o c i t y induced a t t h e o b s e r v e r p o s i t i o n (x,, x2, u,) BY a u n i t p r e s s u r e d i s t r i b u t i o n on
t h e p a n e l . Both i n t e g r a l s of t h e k e r n e l f u n c t i o n i n E q . ( 1 3 ) can he e v a l u a t e d a n a l y t i c a l l y s i n c e T* and T-* a r e e x p l i ci t l y known.
Note t h a t a/an=a/ax h e r e .
The normal d e r i v a t i v e s of b o t h i n t e g r a l s c a n be o b t a i n e d e a si l y .
I n t h i s example, no s p e c i a l t r e a t m e n t of t h e s i n g u l a r i t y of t h e second i n t e g r a l i s needed s i n c e t h e i n t e g r a l is found i n c l o s e d form.
The a l g eb r a i c m a n i p u l a t i o n s of t h i s example have been c a rr i e d o u t by M i l l i k e n [91.
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W e p r e s e n t the k e r n e l f u n c t i o n h e r e .
W e f i r s t d e f i n e t h e f o l l o w i n g symbols:
where M=V/c and V is t h e forward speed of t h e wing. 
The i -t h p a n e l i s s p e c i f i e d by ( y l c , yzC,O) and t h e c o n t r o l p o i n t j is
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where log s t a n d s f o r n a t u r a l l o g a r i t h m .
I t can b e shown t h a t E i q . ( 2 8 ) s a t i s f i e s t h e P r a n d t l -G l a u e r t r u l e 191.
F i g u r e 2, shows the d i s t r i b u t i o n of t h e i n d u c e d v e l o c i t y i n t h e Vicini t y of a p a n e l .
I t is v e r y i n t e r e s t i n g to n o t e t h a t t h e i n d u c e d v e l o c i t y downstream of t h e p a n e l
i s similar to t h a t of a h o r s e s h o e v o r t e x , as shown i n f i g u r e 3.
The p r e s s u r e o n a r e t a n g u l a r wing of a s p e c t r a t i o 10 moving a t forward Mach number of 0 . 2 i s shown i n f i g u r e 4 . The G a l e r k i n method w a s used t o f i n d t h i s d i s t r i b u t i o n .
The mid-span chordwise p r e s s u r e d i s t r i b u t i o n is compared w i t h t h e t w o d i m e n s i o n a l i n c o m p r e s s i b l e a n a l y t i c r e s u l t i n this f i g u r e .
The agreement w i t h t h e c a l c u l a t e d p r e s s u r e d i s t r i b u t i o n i s e x c e l l e n t .
A P r o p e l l e r i n Uniform A x i a l Motion
The k e r n e l f u n c t i o n f o r a p r o p e l l e r i n uniform a x i a l motion can be found from Eq. ( 2 3 ) by an anal y t i c -n u m e r i c a l method.
W e assu+me t h a t t h e observer p o s i t i o n ( c o n t r o l p o i n t ) x . n e v e r lies on t h e edge o f the C-surface of a p a d e l .
T h i s means t h a t the c o n t r o l p o i n t i s never on the edge of a p a n e l , which i s a common p r a c t i c e i n p a n e l methods.
T h e r e f o r e , t h e l i n e i n t e q r a l s i n 4. ( 2 3 ) a r e n o t s i n g u l a r .
W e t h u s c o n c e n t r a t e o n t h e q u e s t i o n of s i n g u l a r i t i e s of t h e s u r f a c e i n t e g r a l s only. W e mention h e r e t h a t t h e C-surface of a p a n e l c a n b e c o n s t r u c t e d r e l a t i v e l y e a s i l y by a n u m e r i c a l method even a t t r a n s o n i c and s u p e r s o n i c s p e e d s .
mis i s done r o u t i n e l y i n a c o u s t i c c o d e s u s i n g t i m e domain
a n a l y s i s [181. .
To s t u d y the b e h a v i o r of s i n g u l a r i t i e s of the
s u r f a c e i n t e g r a l s i n Eq. ( 2 3 ) we must f i r s t s e t u p a c o o r d i n a t e system and write t h e s u r f a c e i n t e g r a l s more e x p l i c i t y .
W e assume t h a t t h e p r o p e l l e r b l a d e s u r f a c e lies on t h e h e l i c o i d a l s u r f a c e g e n e r a t e d by t h e b l a d e p i t c h change a x i s ( P C A ) .
The p r o p e l l e r i s moving forward a t uniform s p e e d V a l o n q t h e p r o p e l l e r a x i s and r o t a t i n g a t c o n s t a n t a n g u l a r v e l o c i t y w . me C-surface of any p a n e l on the b l a d e s u r f a c e lies on this h e l i c o i d a l s u r f a c e .
E s s e n t i a l l y , one c a n f o r g e t a b o u t t h e 7.-surface and a s k t h e f o l l o w i n g q u e s t i o n :
What is t h e n a t u r e of s i n g u l a r i t i e s of the s u r f a c e i n t e g r a l s of Bq. ( 2 3 ) when w e i n t e g r a t e o v e r t h e h e l i c o i d a l s u r f a c e , and how do w e e v a l u a t e t h e s e i n t e g r a l s ? W e will answer t h i s s u e s t i o n n e x t . D e f i n e a n ;-frame s u c h t h a t t h e n -a x i s is a l o n g t h e propeller a x i s and t h e n l -a x i s is a l o n g t h e PCA a t time t = O .
The o r i g i n o f t h i s frame is, t h e r e f o r e , a t t h e i n t e f s e c t i o n of t h e PCA and t h e propeller a x i s . The q2-axis i s d e f i n e d i n s u c h a way t h a t the ;-frame is r i g h t handed.
W e f i r s t f i n d the e q u a t i o n f o r t h e h e l i c o i d a l s u r f a c e . Let 9 = -n3 and n = g1+n2) 2t'2. i.e., d i s t a n c e a l o n g the FCA.
S i n c e e p r o p e l l e r t r a v e l s a d i s t a n c e s i n s / V s e c o n d s , t h e b l a d e rotates m/V r a d i a n s i n t h i s p e r i o d . W e n e x t d e f i n e some o t h e r geometric q u a n t i t i e s o n the h e l i c o i d a l s u r f a c e .
The f o l l o w i n g v e c t o r i s normal t o the s u r f a c e at at a n as -x -= ( -s i n a s,cosa s , a q )
Its l e n g t h is T h e r e f o r e , t h e l o c a l a n g l e 4 t h a t the h e l i c a l v e l o c i t y makes w i t h t h e q1n2-plane i s g i v e n by %= t a r 1 -~6 ( n ) ( 3 5 )
Assume now t h a t the o b s e r v e r (or the c o n t r o l p o i n t ) z , i s a t the d i s t a n c e n from the h e l i c o i d a l s u r f a c e L t h t h e s u r f a c e v a r i a b l e s (qo,so) . From t h e above r e s u l t s we have
= (nocosa so -n 6 s i n a s n s i n a so + n8 cosa s 
-
The t w o s u r f a c e i n t e g r a l s of c o n c e r n h e r e i n the k e r n e l f u n c t i o n K.. o f Eq. ( 2 3 ) are
where a/an s t a n d s f o r l i m a/an . we remind r e a d e r s t h a t i n t e g r a t i o n s a r e o v e r p o r t i o n s of the h e l i c o i d a l s u r f a c e .
The upper and lower l i m i t s Of t h e s e i n t e g r a l s i n t h e v a r i a b l e s ( q , s ) a r e independ e n t of n s i n c e t h e i n f l u e n c e of t h i s l a t t e r v a r ia b l e i s i n c l u d e d i n t h e l i n e i n t e g r a l s of Q. ( 2 3 ) . I n t h e f o l l o w i n g d i s c u s s i o n s , w e u s e E q s . ( 3 3 ) , (37-b) and (37-d) f o r dZ , r and C O S e , r e s p e c t i v e l y .
n+O
Because we have cos0 i n t h e numerator of I , , we can t o l e r a t e r2 i n t h e denominator of the second term on t h e r i g h t o f t h e f o l l o w i n q e q u a t i o n :
In f a c t t h e second term y i e l d s a n improper ( c o n v e rg e n t ) i n t e o r a l .
A well-known r e s u l t of p o t e n t i a l t h e o r y t e l l s us t h a t , i f , 2. is i n t h e r e g i o n of i n t e q r a t i o n , t h e n w e must i A o l a t e a s m a l l r e g i o n around 2. and i n t e g r a t e a n a l y t i c a l l y t h e second term o v e r t h i s s m a l l r e g i o n . f i e r e s u l t i s 2 n [ a r / a n l , + , . I n t e g r a t i o n o v e r o t h e r r e g i o n s t h e n m u s t be c a r r i e d o u t s e p a r a t e l y . I t is i n t e r e s t i n g t o n o t e t h a t t h e i n t e q r a t i o n w i t h r e s p e c t t o rl can be performed a n a l y t i c a l l y , and o n l y t h e i n t e g r a t i o n o v e r s must be e v a l u a t e d n u m e r i c a l l y .
Our work w i t h I, is t h u s f i n i s h e d .
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For I2 w e must proceed more c a u t i o u s l y . We n o t e t h a t r + O a s (n,s)+(n , s ) . W e f i r s t i n t eg r a t e t h e i n t e g r a l witho r g s p e c t t o rl a n a l y t ic a l l y .
Then w e t a k e a/an i n s i d e t h e i n t e q r a l and s t u d y t h e convergence of t h e r e s u l t i n g i n t e g r a l s W e f i n d t h a t i n t e q r a l s a r e c o n v e r g e n t e x c e p t n e a r t h e c o n t r o l p o i n t z. . For t h i s s m a l l r e g i o n , w e a g a i n keep a/an o u t s i d e t h e i n t e g r a l s which i n v o l v e now o n l y i n t e q r a t i o n w i t h r e s p e c t t o the v a r i a b l e
S .
Using T a y l o r series e x p a n s i o n of t h e i n t e g r a n d s i n u=s-so, the i n t e g r a l s a r e e v a l u a t e d a n a l y t i c a l l y and t h e n a/an is c a l c u l a t e d .
The r e s u l t is no l o n q e r s i n q u l a r as n+O.
The a l g e b r a i c manipulat i o n s a r e w r y l e n g t h l y and t e d i o u s b u t s t r a i g h tforward.
Here w e have g i v e n t h e i m p o r t a n t equat i o n s and t h e c r u c i a l s t e p s f o r f i n d i n g the k e r n e l f u n c t i o n f o r a p r o p e l l e r .
I
Now we summarize t h c p r o c e d u r e s f o r o b t a i n i n g t h e k e r n e l f u n c t i o n K i . .
The f i r s t t w o i n t e g r a l s i n Fq. ( 2 3 ) a r e evalua2ed o n l y once f o r each x'. a t t h e time t.
W e t a k e t h i s time a s t = O s i n c e Ap i s i n d e p e n d e n t o f time.
The steps f o r t h e f i r s t t w o i n t e g r a l s are a s follows: 3 i ) C o n s t r u c t the E-surface of t h e i -t h p a n e l n u m e r i c a l l y f o r t = O .
Perform the l i n e i n t e g r a l o v e r the edge of t h e Z-surface n u m e r i c a l l y . i i i ) With t h e s u r f a c e i n t e q r a l w r i t t e n as i n E?.
( 3 3 -a ) , check t o see i f 8 . i s on t h e E-surface. I f so, i s o l a t e d . by a s m a l l r e s i o n and i n t e g r a t e a n a l y t i c a l l y . T h i s g i v e s a s i n q l e f i n i t e term.
For t h e remainder o f t h e E-surface, i n t e g r a t e t h e S u r f a c e i n t e g r a l a n a l y t i c a l l y w i t h respect t o q and n u m e r i c a l l y w i t h respect t o S.
I f x'. i s n o t o n the 1 3 7 E-surface, r e p e a t the above a n a l y t i c ( w r t rl) -n u m e r i c a l ( w r t s ) i n t e g r a t i o n f o r t h e s u r f a c e i n t eg r a l .
For t h e l a s t t w o i n t e g r a l s of Q. (231, w e have a t i m e i n t e g r a t i o n o v e r t' from --t o 0. W e w e p e r f o r m t h e f o l l o w i n g s t e p s : d i s c r e t i z e t h e t i m e i n t e g r a t i o n .
For e a c h t' k<o ,
and ( i i ) as above f o r the f i r s t two i n t e g r a l s .
w r i t e t h e s u r f a c e i n t e g r a l a s i n Fq. ( 3 8 -b ) .
I n t e g r a t e a n a l y t i c a l l y w i t h r e s q e c t t o n.
I f 2. i s on t h e E-surface, i s o l a t e x . by a s m a l l r e g i o n and i n t e g r a t e a n a l y t i c a l l y w i t h res p e c t t o s. Take a/3n a n a l y t i c a l l y . For t h e remainder of tFle E-surface, t a k e a/an i n s i d e + and i n t e q r a t e n u m e r i c a l l y w i t h r e s p e c t t o S .
I f x . i s n o t on t h e E-surface, t a k e a/an i n s i d e t h e i n t e g r a l and i n t e g r a t e n u m e r i c a l l y w i t h respect t o s.
I I 3 i v ) Repeat t h e above t h r e e steps f o r t h e n e x t tak and f i n a l l y i n t e g r a t e n u m e r i c a l l y b o t h the l i n e and s u r f a c e i n t e g r a l s w i t h r e s p c t t o t'.
W e mention h e r e t h a t when t'<<O , we c a n s i m p l i f y t h e i n t e g r a n d s c o n s i d e r a b l y and t h u s e v a l u a t e t h e l i n e and s u r f a c e i n t e g r a l s more e f f i c i e n t l y .
Concluding Remarks I n t h i s p a p e r , w e have developed t h e t h e o r e ti c a l f o u n d a t i o n s n e c e s s a r y t o s o l v e f o r the a e r c d ynamic l o a d i n g o n t h i n l i f t i n g b o d i e s i n a r b i t r a r y motion.
! Y e t r e a t the p r o b l e n from a n a c o u s t i c v i e w p o i n t i n a frame of r e f e r e n c e f i x e d i n t h e u n d i s t u r b e d medium, and we e x p l o i t t h e f a c t t h a t t h e p r e s s u r e s a t i s f i e s t h e wave e q u a t i o n i n t h i s r e f e r e n c e frame. G e n e r a l i z e d f u n c t i o n t h e o r y i s a p p l i e d t o o b t a i n a n inhomogeneous wave e q u a t i o n i n which t h e boundary c o n d i t i o n s on t h e moving body a r e e x p l i c i t l y i n c l u d e d a s s o u r c e terms. T h i s e q u a t i o n i s t h e n s o l v e d f o r m a l l y u s i n g the f r e e s p a c e Green's f u n c t i o n f o r the wave o p e r a t o r . We u s e the f o r m a l s o l u t i o n f o r t h e o b s e r v e r l o c a t e d on t h e body s u r f a c e t o d e r i v e t w o l i n e a r s i n g u l a r i n t e g r a l e q u a t i o n s which a r e s a t i s f i e d by t h e s u rf a c e p r e s s u r e .
One of t h e s e is c o m p l e t e l y g e n e r a l , b u t we f i n d t h a t t h e second ( s i n p l e r ) one is a p r o p e r i n t e g r a l e q u a t i o n o n l y i n c e r t a i n s p e c i a l c a s e s .
Among t h e s e a r e t h e s t e a d y problem f o r l o a d i n g due t o camber and t h e u n s t e a d y p e r i o d i c l o a d i n g problem.
Two examples of t h e u s e of the t h e o r y a s t h e b a s i s of a n u m e r i c a l p a n e l method a r e d i s c u s s e d . The f i r s t is a wing i n s t e a d y r e c t i l i n e a r motion. I n t h i s c a s e , d e t a i l e d n u m e r i c a l r e s u l t s o b t a i n e d e l s e w h e r e [91 ars found t o compare well w i t h t h e p r e d i c t i o n s of a l t e r n a t e a n a l y s e s .
The second example i n v o l v e s a p r o p e l l e r i n uniform a x i a l motion.
Here w e c o n c e n t r a t e on a n a n a l y t i c a l d i sc u s s i o n of t h e b e h a v i o r of t h e aerodynamic k e r n e l . W e f i n d t h a t i t i s p o s s i b l e t o e l i m i n a t e all s i n g ul a r i n t e g r a l s which o c c u r , so t h a t t h e c u r r e n t method p r o m i s e s t o l e a d t o a n e x t r e m e l y e f f i c i e n t n u m e r i c a l scheme.
A c t u a l numerica 1 implementation o f t h e t h e o r y t o t h e p r o p e l l e r problem i s c u r r e n t l y i n p r o g r e s s .
The t h e o r y p r e s e n t e d h e r e h a s s e v e r a l advant a g e s i n comparison t o more c o n v e n t i o n a l di,scuss i o n s of aerodynamics. F i r s t , of c o u r s e , i s t h e f a c t t h a t i t is a p p l i c a b l e t o a r b i t r a r y u n s t e a d y motions of t h e body so l o n g as t h e y a r e w i t h i n t h e realm of l i n e a r i z e d t h e o r y . Because i t is c a r r i e d o u t c o m p l e t e l y i n t h e , t i m e domain, t h e r e is no n e c e s s i t y f o r a F o u r i e r Transform approach w i t h its a t t e n d a n t c o m p l i c a t i o n s of i n f i n i t e series o f spec i a l f u n c t i o n s . Even i n the c a s e of s t e a d y rectil i n e a r motion, however, t h e c u r r e n t approach y i e l d s r e s u l t s i n a manner which many w i l l f i n d e a s i e r t o u n d e r s t a n d #an t h e u s u a l development of a e r o d ynamic t h e o r y . I n particular, t h e a c o u s t i c approach 6. Das, A., "Wave P r o p a g a t i o n from Hoving S i n q u l a ri t i e s and a U n i f i e d E x p o s i t i o n o f t h e L i n e a r - 
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